Abstract: Let a ∈ (0, ∞), γ(a) be the Generalized Euler-Mascheroni Constant, and let
− ln a + n a ,
In this paper, we determine the best possible constants α i , β i (i = 1, 2, 3, 4) such that the following inequalities 1 2(n + a) − α 1 ≤γ(a) − x n < 1 2(n + a) − β 1 , 1 2(n + a) − α 2 ≤y n − γ(a) < 1 2(n + a) − β 2 , 1 2(n + a) + α 3 (n + a) 2 ≤γ(a) − x n < 1 2(n + a) + β 3 (n + a) 2 , 1 2(n + a − 1)
Introduction
One of the most important sequences in analysis and number theory of the form
considered by Leonhard Euler in 1735, is known to converge towards the limit 2) which is now called the Euler-Mascheroni Constant. For γ n − γ, many lower and upper estimates have been given in the literature [2, 4, 7, 8, 10] . We remind some of them:
In [2] , Alzer proved that for n ≥ 1,
Tóth [10] proved that for n ≥ 1,
(1.3)
In [4] , Chen proved that for n ≥ 1, 4) where the constants α = (2γ − 1)/(1 − γ) and β = 1/3 are the best possible. Qiu and Vuorinen [8] showed the double inequality
where the constants α = 1/12 and β = γ − 1/2 are the best possible. For every a > 0; the numbers of the form
were introduced in the monograph by Knopp [6] . There are known now as the generalized EulerMascheroni constant, since γ(1) = γ. Recently, the generalized Euler-Mascheroni constant γ(a) has been the subject of intensive research [3, 7, 9] , similar to γ. In [9] , Sîntǎmǎrian consider the following sequences
and proved that for n ≥ 1, the following inequalities hold,
Hence, we can easily know that x n , y n converge to γ(a) like n −1 . In [3] , Berinde and Mortici gave better bounds for γ(a) − x n , y n − γ(a), showing the following
. (1.10)
In the same paper, Berinde and Mortici obtained the following theorem. 
It is natural to extend the above inequalities (1.4) and (1.5) in terms of generalized EulerMascheroni constant γ(a). In this paper, we will consider the two sequences γ − x n , y n − γ where x n , y n are defined by (2.3) and (2.4) respectively.
The main results are stated as follows. 13) with the best possible constants
(1.14)
(2) Let the sequences y n be defined by (2.4) , then
with the best possible constants 
with the best possible constants
19)
(1.20)
Preliminaries
In this section, we give out several formulas and lemmas in order to establish our main results stated in section 1. Firstly, let us recall some known results for the psi (or digamma) function ψ(x).
For real numbers x, y > 0, the gamma and psi functions are defined as
respectively.
The psi function ψ(x) has the following Recurrence Formulas [1] 
and the Asymptotic Formulas ( [1] ),
According to (2.1) and the definition of x n , y n , we have
3)
By the definition of γ(a) (1.6) and the Asymptotic Formulas (2.2), then
Using the inequalities [5] 
We have
where
we have F(x) < 0, f ′ 1 (x) < 0 for x ≥ 1, and the monotonicity of f 1 (x) follows. Clearly, f 1 (1) = 1/γ − 2. The limiting value lim x→∞ f 1 (x) = −1/3 follows from the Asymptotic Formulas (2.2).
(2) Differentiation yields
Using the inequalities [5] , for x > 0,
Hence f 2 (x) is a decreasing function on [2, ∞). The limiting value lim x→∞ f 2 (x) = 1/6 follows from the Asymptotic Formulas (2.2).
The following Lemma follows from theorem 1.7 in [8] .
Lemma 2.2. The function
is strictly decreasing and convex from (0, ∞) onto (−1/12, 0).
Proof of the main theorem
Proof of Theorem 1.3. (1). According to (2.6), the inequality (1.13) can be written as
By the Lemma 2.1 (1), we know that the sequence
is strictly decreasing. This leads to
Hence the best possible constants are α 1 = 2(1 + a) − 1 ψ(1 + a) − ln (1 + a) , β 1 = 1 3 .
(2). According to (2.7), the inequality (1.15) can be written as 1 − β 2 < 1 2(ψ(n + a) − ln(n + a − 1)) − (n + a − 1) ≤ 1 − α 2 .
By the Lemma 2.1 (2), the sequencẽ 
